Abstract. In this paper, we introduce the normalized Shintani L-function of several variables by an integral representation and prove its functional equation. The Shintani L-function is a generalization to several variables of the Hurwitz-Lerch zeta function and the functional equation given in this paper is a generalization of the functional equation of Hurwitz-Lerch zeta function. In addition to the functional equation, we give special values of the normalized Shintani L-function at non-positive integers and some positive integers.
Introduction
The Shintani zeta functions and the Shintani L-functions are originally introduced by Takuro Shintani in his study of Hecke L-functions of totally real algebraic number fields [6] . He gave, for example, special values of Hecke L-functions at non-positive integers, by representing a Hecke L-function as a linear combination of the Shintani zeta functions. Shintani's original zeta and L-functions are of one variable, but in this paper we consider Shintani L-functions of several variables (see [2] ), since sometimes they have more refined information.
Functional equations for zeta and L-functions of one variable are classically known, for example, for Hecke L-functions [1] which are further developed in the Iwasawa-Tate theory [7] . Functional equations for zeta and L-functions of several variables are known, for example, for those associated to prehomogeneous vector spaces [5] . However, such functional equations for the Shintani zeta functions or the Shintani L-functions have not been known in general except for the case of the Hurwitz-Lerch zeta function [3] and the case of the double zeta function [4] . In this paper, we show that the normalized Shintani L-functions generally satisfy nice functional equations, which is a generalization of the functional equation of the Hurwitz-Lerch zeta function. The functional equation of the normalized Shintani L-function seems applicable to refine the functional equations of Hecke L-functions of totally real number fields.
First of all, we give a definition (Definition 1) of the Shintani L-function by a multiple Dirichlet series. Then, we give an integral representation of the Shintani L-function (Proposition 2) by which we extend the definition of the Shintani Lfunction. We then use a similar integral representation to define the normalized Shintani L-function (Definition 3). This extension of the definition is necessary to formulate the functional equation. Throughout this paper, we use the notations
and for u = (u 1 , . . . , u r ), v = (v 1 , . . . , v r ) ∈ R r and s = (s 1 , . . . , s r ) ∈ C r ,
for simplicity. We also use the notation (0, 1) for the unit open interval.
It is easy to check that the series on the right-hand side converges absolutely in the half space ℜ(s 1 + · · · + s r ) > r and conditionally for ℜ(
L(s, A, x, y) has an integral representation which extends the domain of definition of A to GL r (R). This expression is very important in our context, since we cannot avoid A with negative entries for our purpose. Put, for simplicity,
Then we have the following integral representation for L(s, A, x, y).
The proof is easy. Note again that, since the integral on the left hand side of Proposition 2 is defined for A ∈ GL r (R), we extend the definition of L(s, A, x, y) by this integral representation. Next we introduce the normalized Shintani Lfunctions. For a map χ : {1, · · · , r} → {0, 1}, set the quasi-character |·|
where sgn denote the signum function on R × . Then the normalized Shintani Lfunction attached to χ is defined as follows.
and its completion bŷ
where we set its gamma factor by Γ χ (s) = r ν=1 Γ R (s ν + χ(ν)). The notion of parity type of the normalized Shintani L-function corresponds to the infinity type of the Hecke L-function of a totally real field. As easily seen, by dividing the domain of integration, the normalized Shintani L-function is related to the ordinary Shintani L-function by
, 
Here, A * = (A t ) −1 , the inverse transpose of A.
A proof of the functional equation
In this section, we give a proof of Theorem 4. Our proof make use of the (inverse) Fourier transform of F (tA, x, y) and Tate's local functional equation.
Proof. Put u = tA and h = kA * , then dt = |det A| −1 du and tk = uh. Thus we have 
Thus, by letting λ → +∞ here, we have
from which we obtain Lemma 5. Now, we recall Tate's local functional equation for R.
Lemma 6. Let Φ ∈ S(R r ) andΦ ∈ S(R r ) be the inverse Fourier transform of Φ. Then, for 0 < ℜs 1 , . . . , ℜs r < 1, we have
where
Since S(R) ⊗r is dense in S(R r ), Lemma 6 immediately follows from Tate's local functional equation. Now, by a simple calculation, we see that
As it is clear that F (tA, x, y) ∈ S(R r ) for A ∈ GL r (R) and x, y ∈ (0, 1) r , we have by Lemma 5 and Lemma 6,
Replacing χ by 1 − χ in the equality above, we obtain the functional equation forL χ (s, A, x, y) for 0 < ℜs 1 , . . . , ℜs r < 1. SinceL χ (s, A, x, y) is a holomorphic function on C r (see Corollary 12), we can conclude that the functional equation holds for C r .
Several properties of the normalized Shintani L-function
In this section, we note several additional properties of the normalized Shintani L-functions.
Proposition 7.
In the case of degree r = 1, L χ (s, A, x, y) admits the following Dirichlet series expressions for ℜs > 1.
Proof. We have
Since ϕ(−tA, x, y) = −e(−y)ϕ(tA, 1 − x, 1 − y), we have
Hence, we obtain
from which Proposition 7 follows.
From Proposition 7, we see that when r = 1, L χ (s, A, x, y) admits a Dirichlet series expression, which is expressible by a combination of Hurwitz-Lerch zeta functions. However, for r ≥ 2, we have no Dirichlet series expressions for the normalized Shintani L-functions. This is because we have no Dirichlet series expressions for L(s, A, x, y) when the matrix A has both positive and negative entries. Note that though the integral representation in Proposition 2 is only valid for x ∈ (0, 1), the Dirichlet series expression in Proposition 7 is valid for x ∈ R \ Z satisfying the property
A, x, y) extended by this formula still satisfy the same functional equation as in Theorem 4, sincê
where [x] denotes the unique integer satisfying [x] ≤ x < [x] + 1. Conversely, we have the following proposition.
Proposition 8. The unique extension of the definition of L χ (s, A, x, y) to x, y ∈ (R \ Z) r that satisfy the functional equation
and the property L χ (s, A, x, y + k) = L χ (s, A, x, y), is given by
We extend the definition of L χ (s, A, x, y) quasiperiodically as in Proposition 8. Now, complementarily let us define the functions G (t, x, y) and R χ (s, A, x, y) by
and R χ (s, A, x, y) = e(xy)L χ (s, A, x, y). Then the quasiperiodicity and the functional equation become
The following proposition gives a differential property of L χ (s, A, x, y) and R χ (s, A, x, y).
Here, we identify a parity type χ with the vector χ = (χ(ν)) r ν=1 ∈ (Z/2Z) r and we denote by 1 µ = (0, . . . , 1, . . . , 0) a vector whose entries are 0 except for the µ-th entry being 1.
Proposition 9 follows from the observation ∂ ∂x ν F (t, x, y) = −2πt ν F (t, x, y) ,
and integration by parts. Using these differential operators, we now see that the functional equation of one parity type can generate the functional equation of any parity type. Finally we give special values of L χ (s, A, x, y) at non-positive integers and at some positive integers. Let us first define the multiple Bernoulli-like number B k (A, x, y).
Definition 10. For k ∈ Z r ≥0 , we define B k (A, x, y) by the coefficients of the Taylor expansion of F (tA, x, y) i.e.
where for multi-index k = (k 1 , . . . , k r ), we put t k = r ν=1 t kν ν and k! = r ν=1 k ν !. Then we have the following proposition.
Proof. As one can easily check, the Shintani L-function is expressed in terms of the contour integral
where L is a contour which starts and ends at +∞ and circles the origin once counterclockwise without encircling any poles other than the origin. By the formula Γ C (s)Γ C (1 − s) = 4i(e(s/2) − e(−s/2)) −1 , we see that Hence we have proved the former statement of the Proposition 11. The latter statement is proved by applying the functional equation for L χ (s, A, x, y) to the former statement.
From the contour integral representation of L χ (s, A, x, y) in the proof of Proposition 11, the following fact follows immediately.
Corollary 12. L χ (s, A, x, y) is a holomorphic function on s ∈ C r .
